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Abstract 

Let U be an open set of W 1 , m a positive Radon measure on U such that 
suppfm] = U, and (Pt)t>o a strongly continuous contraction sub-Markovian 
semigroup on L 2 (U;?n). We investigate the structure of (Pt)t>o- 

(i) Denote respectively by (A,D(A)) and (A,D(A)) the generator and 
the co-generator of (Pt)t>o- Under the assumption that Cq°(U) C 
D(A) DD(A), we give an explicit Levy-Khintchine type representation 
of A on C§° (U). 

(ii) If (Pt)t>o is an analytic semigroup and hence is associated with a semi- 
Dirichlet form (£,D(£)), we give an explicit characterization of £ on 
Cg°(U) under the assumption that Cfi°(U) C D{£). 

We also present a LeJan type transformation rule for the diffusion part of 
regular semi-Dirichlet forms on general state spaces. 



Keywords: Dirichlet generator; Semi-Dirichlet form; Markov process; Levy- 
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Deny formula 



1 Introduction and main results 

Let (Xt)t>o be a Levy process on IR n . By the celebrated Levy-Khintchine formula, 
we know that the infinitesimal generator A of (X t ) t >o is characterized by (cf. [291 
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Theorem 31.5]) 



f ( n du \ 

J \u(y + x)-u(y)-Y^Xi — (y)I { \ x \< 1} (x)Ju(dx), u G Cq 



+ \u(y + x)-u(y)-yx l — (y)I {lxl < 1} (x) u(dx), u G C °°(R"), (1.1 

where Q = (Qij)i<ij< n is a symmetric nonnegative-definite n x n matrix, 
(bi,...,b n ) G M n , and i/ is a Levy measure satisfying ^({0}) = and J Rn (l A 
\x\ 2 )v{dx) < oo. Hereafter, | • | denotes the Euclidean metric of M n , C(IR n ) de- 
notes the set of all continuous functions on M n , and C^°(lR n ) denotes the set of all 
infinitely differentiable functions on W 1 with compact supports. 

The decomposition of type (11. ip also holds for Feller processes on W 1 . In [8], 
Courrege proved that if A is a linear operator from C^°(M n ) to C(M n ) satisfying 
the positive maximum principle, then A is decomposed as 



+ J (u{y + x) -u{y)w{x) - ^2x~(y)w(x)^j n(y,dx), 

where Y17j=i Qij(y)£i£j — f° r an y E W l and (^i,...,^„) G M n , the function 
y — > Y^Hj=i^ij(y)^j ^ s u PP er semi continuous, U G C(lR n ), 1 < i < n, 7 G C(M n ) 
with 7 < 0, fj, is a kernel on M n x i3(lR n ), and u; G C^°(lR n ) with < w < 1 and 
u; = 1 on {x G R n : \x\ < 1} (cf. [2U §4.5]). 

Suppose now that (X t ) t > is a general right continuous Markov process on M. n , 
or more generally, on an open set U of IR n . In this paper, we are interested 
in describing the analytic structure of (X t )t>o- Denote by (Pt)t>o the transition 
semigroup of (X t )t>o- Suppose that there is a positive Radon measure m on U 
such that (Pt)t>o acts as a strongly continuous contraction semigroup on L 2 {U ; m). 
Note that this condition is fulfilled if, for example, m is an excessive measure of 
(X t ) t > Q . Denote by (A,D(A)) the L 2 -generator of (P t )t>o- Then, (A,D(A)) is a 
Dirichlet operator, i.e., (Au, (u — 1) V 0) < for all u G D(A) (cf. j25l Proposition 
1.4.3]). Hereafter (•, •) denotes the inner product of L 2 (U;m). 

Denote by (A, D(A)) the co-generator of (P t )t>o- Note that generally (A, D(A)) 
may not be a Dirichlet operator (see [2H Remark 2.2(h)] for an example). We 
assume that C^°(U) C D(A) (1 D(A) and consider the following bilinear form 

E{u, v) := (-Au, v) for u, v G C™{U). (1.2) 

Here we would like to remind the reader that a generator on an L 2 -space is a 
Dirichlet operator if and only if its associated semigroup is sub-Markovian. It does 
not imply that its associated bilinear form is a (pre-) semi- Dirichlet form since 
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the sector condition might not be satisfied. Denote by (G/?) ( g>o and (Gp)p >0 the 
resolvent and co-resolvent of (Pt)t>o, respectively. Similar to [TO §2] (cf. also [121 
§3.2]) and noting that the sector condition is not used therein, we can prove the 
following lemma by virtue of the fact that £(u,v) = lim / 3^ 0O /3(M — (3Gpu,v) for 
u,v G C °°(t/). 

Lemma 1.1. (i) For (3 > 0, there exist unique positive Radon measures o~p and 
up on U x U satisfying 



and 



(/3Gpu,v) = / u(x)v(y)a p(dxdy) (1.3) 

JUxU 



(/3Gpu,v)= / u(x)v(y)ap(dxdy) 

WxU 



for u,v G L 2 (U;m). 

(ii) There exist a unique positive Radon measure J on U x U off the diagonal 
d and a unique positive Radon measure K on U such that for v G C^°(U) and 
u G {g G Cq°(U) : g is constant on a neighbourhood of supp [■?/]}, 



£(u,v)= / 2(u(y) - u(x))v(y)J(dxdy) + / u(x)v(x)K(dx). (1.4) 

Hereafter supp[w] denotes the support of u. J and K are called the jumping and 
killing measures, respectively. 

(Hi) (/3/2)ap — > J and (/3/2)frp —> J vaguely on U x U\d as (3 — >■ oo, where 
J(dxdy) := J(dydx). 

For 5 > 0, we define 

U s := {x G U : inf \x — y\> 5}. 

yedU 

Hereafter, for B C M n , we denote by OB its boundary in R n . 
Now we can state the first main result of this paper. 

Theorem 1.2. Let U be an open set ofW 1 and m a positive Radon measure on U 
such that suppfm] = U. Suppose that (A,D(A)) is a generator on L 2 (U;m) such 
that A is a Dirichlet operator and C^°(U) C D(A) C\D(A). Let 5 > be a constant 
such that U s ^ 0. Then, we have the decomposition: 

i , j — 1 i — 1 

+ / ^2(Vi ~ Xi ) \^-(y) v (y) ~ 7r~( x ) v ( x )) h\x~ y \<s}{x,y)J(dxdy) 

JUxU\d 



\dyi dxi 
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+ / 2 u (v) ~u(x) - ^(yi - Xi) — (y)I { \ x - y \<s}(x,y) v(y)J(dxdy) 
JUxU\d \ ~l a Vi J 

+ / u{x)v{x)K(dx), Vu,v EC^(U 5 ), (1.5) 

where J and K are the jumping and killing measures, respectively, {vij}^^ are 
signed Radon measures on U such that for any compact set K C U , Uij(K) = 
Vji(K) and J27,j=i ^j u v( K ) - f or a ^ ■■■An) e W n , and {vf}?^ are signed 
Radon measures on 

On the one hand, Theorem 11.21 is a result of analysis, which characterizes a 
large class of Dirichlet generators on IR n ; one the other hand, it generalizes the 
classical result of Courrege from the Feller process setting to the right continuous 
Markov process setting. The representation (11.51) improves our understanding of 
Markov processes and has many potential applications. For example, it sheds light 
on the long-standing open problem, "when does a Markov process satisfy Hunt's 
hypothesis (H)?" (cf. [2J El M, M, HS1 EH EH EI] and the references therein). For a 
dual diffusion on an open set of M. n , (ll.5p indicates the strong connection between 
Hunt's hypothesis (H) and the condition that the diffusion is locally associated 
with a semi-Dirichlet form. Here we would like to point out that Theorem 1 1 . 21 does 
not assume the sector condition although its proof is motivated by the theory of 
Dirichlet forms, and that the assumption C^°(U) C D(A) flD(A) is reasonable for 
many applications, for example, when the martingale problem of Markov processes 
is studied (cf. Chapter 4]). 

If the diffusion part of (X t ) t > corresponds to a differential operator with very 
singular coefficients, then it is not suitable to assume that C^°(U) C D(A) nD(A) 
any more. In this case, we will adopt the framework of semi-Dirichlet forms to 
investigate the analytic structure of (X t )t>o- Suppose that (A,D(A)) satisfies the 
sector condition, i.e., there exists a positive constant k such that 

|((1 - A)u,v)\ < k((1 - A)u,u) 1/2 ((1 - A)v,v) 1/2 , Vu, v 6 D(A). (1.6) 

Note that (A,D(A)) satisfies the sector condition (11.61) if and only if (Pt)t>o is 
an analytic semigroup (cf. [2^1 Corollary 1.2.21]). Denote by (£,D(£)) the semi- 
Dirichlet form obtained by completing D(A) w.r.t. the ((1 — A)u, w) 1//2 -norm. 
Assume that C^°(U) C D(£). Then, one finds that Lemma 11.11 also holds for 
(£,D(£)). We make the following assumption. 

Assumption 1.3. Let O be a relatively compact open set of U . Suppose that 
{fn}^=i C C^°(0) and f e C^°(0) satisfying f n and all of its partial derivatives 
converge uniformly to f and its corresponding partial derivatives as n — oo. Then, 
£(f,g) = \im n ^ oc £(f n ,g) and£(g,f) = lim n ^ 00 £(gj n ) for any g G C^{U). 

We will obtain the following Levy-Khintchine type representation of semi- 
Dirichlet forms, which generalizes the classical Beurling-Deny formula of symmetric 
Dirichlet forms on open sets of IR n (cf. [T2"l Theorem 3.2.3]). 
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Theorem 1.4. Let U be an open set ofW 1 and m a positive Radon measure on 
U such that supp[m] = U. Suppose that (£,D(£)) is a semi-Dirichlet form on 
L 2 (U;m) such that C^(U) C D{£) and Assumption holds. Let 5 > be a 
constant such that U 5 ^ 0. Then, we have the decomposition: 

i,j=l i—1 

+ / ~ Xi "> ( 7T~(fMf) ~ ^—( x ) v ( x )] I{\x~y\<s}(x,y)J(dxdy) 

Juxu\d^ V% dx i J 

f ( n du \ 

+ 2 u (v) ~u(x) - y^iy-i - Xi) — (y)I { \ x -y\ <5 }(x,y) v(y)J(dxdy) 

JuxU\d \ % ~ J 

u(x)v(x)K(dx), Vu, u G C^(U S ), 



u 

where J and K are the jumping and killing measures, respectively, {vij }2j=i are 
signed Radon measures on U such that for any compact set K C U , Uij(K) = 
v 3l {K) and YZj=itejVij(K) > f or aU (6, • • • ^n) G W 1 , and {*f}? =1 are gener- 
alized functions on II s . 

We will prove Theorems 11.21 and 11.41 in Section 2. If Assumption 11.31 is replaced 
by the assumption that (£, D(£)) is locally controlled by Dirichlet forms, then we 
can obtain a clearer characterization of the generalized functions }" =1 given in 
Theorem 11.41 see Corollary 12.91 below. 

In Section 3, we will apply some ideas of Section 2 to investigate the structure 
of general regular semi-Dirichlet forms. Recently, there is new interest in further 
developing the theory of semi-Dirichlet forms. For example, semi-Dirichlet forms 
are used to construct and study jump- type Hunt processes ([T3J ED]), the stochastic 
calculus of nearly-symmetric Markov processes has been generalized to the semi- 
Dirichlet form setting ( [23l [271 [32] ) . However, the structure of semi-Dirichlet forms 
is still not completely known until now. 

Let us first recall some known results on the structures of Dirichlet forms and 
semi-Dirichlet forms. For notation and terminology used in the paper, we refer to 
[121 125]. Suppose that (£, D(£)) is a regular symmetric Dirichlet form on L 2 (E; m), 
where E is a locally compact separable metric space and m is a positive Radon 
measure on E with suppfm] = E. Recall that "regular" implies 

(i) Cq{E) D D(£) is dense in D{£) w.r.t. the f^-norm. 

(ii) Cq(E) n D(£ ) is dense in Cq(E) w.r.t. the uniform norm || ■ ||oo. 

The Beurling-Deny formula tells us that (£,D(£)) can be expressed for u,v G 
C (E) n D{£) as 



£(u,v) = £ c {u,v) + \ (u(x) — u(y))(v(x) — v(y))J(dxdy) 

I ExE\d 
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+ / u{x)v{x)K{dx). (1.7) 



E 



Here £ c (u,v) is a symmetric bilinear form with domain D(S C ) = Cq{E) fl D(E) 
and satisfies the strong local property: 

£ c (u,v) = for u G 7J(£ C ) and v G I(u), 

where 

7(«) := {g G D(S C ) : g is constant on a neighbourhood of supp[u]}. 

J is a symmetric positive Radon measure on E x E\d and 7T is a positive Radon 
measure on E. Such £ c , J and K are uniquely determined by £. 

Furthermore, the structure of £ c is characterized by the mutual energy measures. 
Let u, v G Co(E)nD(£). Then, there exists a unique signed Radon measure [f <u v> 
on E such that 

/ fdLi c <u , v> = E c (uf,v)+E c (vf,u)-£ c (uv,f), f G Cq(E) n D(£). 
Je 

We have 8 c (u,v) = \iJi c <uv> (E) and fi c <uv> obeys LeJan's transformation rule: 

m 

^/ i <$(u 1 ,...,« m ),i)> — ®Xi( U li • • • ' U m)dfl C <UuV> , 

i=l 

for any $ G C 1 ^" 1 ) with $(0) = and . . . , u m , v G C (£?) n D{£). 

Proofs of the above structure results on symmetric Dirichlet forms can be found 
in [T2l §3.2]. When non-symmetric Dirichlet forms, or more generally, semi- 
Dirichlet forms are considered, things become complicated. Through introduc- 
ing the SPV integrable condition, [T7] has generalized flUZJ) to the semi-Dirichlet 
forms setting. Suppose that (£, D{£)) is a regular semi-Dirichlet form on L 2 (E; m). 
Then, there exist a unique positive Radon measure J on E x E\d and a unique 
positive Radon measure K on E such that for v G Cq(E) fl 7)(£) and w G 7(t>), 



£(u,v) = / 2(u(y) — u(x))v(y)J(dxdy) + / u(x)v(x)K(dx). 

JExE\d Je 

Define ^(u) := {/ G C ( J E)n7J(^) : (f(y)-f(x))v(y) is SPV integrable w.r.t. J}. 
Then, for v G C (E) fl 7J(£) and m G ^4(f ), we have the unique decomposition: 



£(u,v) = £ c (u,v) + SPV / 2(u(y)-u(x))v(y)J(dxdy) 

JExE\d 

+ / u(x)v(x)K(dx), (l.t 



where £ c (u,v) satisfies the left strong local property in the sense that 7(f) C A(v) 
and £ c (u,v) = whenever v G Cq(E) fl D(£) and u G 7(t>). In general, the SPV 
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integrable condition cannot be dropped for the decomposition f ll.Sp to hold (see 
for an example). 



[18] 119] investigate the structure of non-symmetric Dirichlet forms and charac- 
terize their diffusion parts. Suppose that (£,D(£)) is a regular (non-symmetric) 
Dirichlet form. Since the dual form (£,D(£)) of (£,D(£)) also satisfies the semi- 
Dirichlet property, we have the decomposition: 

£{u,v) = £ c (u,v) + SPV I 2(u(y) - u(x))v(y)J(dxdy) 

J ExE\d 

+ / u{x)v{x)K(dx) (1.9) 
Je 

for v G C (E) n D{£) and u G^ A{y) := {/ G C (E) D D{£) : (f(y) - 
f(x))v(y) is SPV integrable w.r.t. J}. Note that J(dxdy) = J(dydx) and it can 
be shown that A{y) = A{v) for Dirichlet forms (cf. [19]). Let u,v <E C (E)nD(£) 
satisfying (u(y) — u(x))v(y) is SPV integrable w.r.t. J. By (11. 8p and (II. 9p . we get 

£(u,v) := -(£ (u,v) - £ (v,u)) 

= l -{£ c {u, v) - £>, v)) + SPV f 2(u(y) - u {x))v{y) J -—^-{dxdy) 

1 JExE\d * 

u(x)v(x) — - — (dx). 



Define 



and refer it as the co-symmetric diffusion part. Then, the diffusion part £ c is 
uniquely decomposed into the symmetric part and the co-symmetric part as follows: 

£ c (u,v) = £ c {u,v) +£ c (u,v), 

where £ denotes the symmetric part of £ and (£,D(£)) is a regular symmetric 
Dirihclet form. 

Since £ c obeys LeJan's transformation rule, to understand the structure of £, we 
need only concentrate on £ c . In [19], a LeJan type transformation rule is derived 
for £ c under the SPV integrable condition. This result has been used to study 
Markov processes associated with non-symmetric Dirichlet forms. For example, it 
plays a crucial role in investigating the strong continuity of generalized Feynman- 
Kac semigroups for nearly-symmetric Markov processes (see [26]). 

In Section 3 of this paper, we will generalize the LeJan type transformation rule 
of [19] to the semi-Dirichlet forms setting, see Theorems 13.21 and 13.51 below. Note 
that if (£,D(£)) is only a semi-Dirichlet form, its dual form (£,D(£)) generally 
does not satisfy the semi-Dirichlet property. So we do not have the decomposition 
(11.91) . In particular, the existence of the dual killing measure K is not ensured. 
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Also, the symmetric part £ of £ is only a symmetric positivity preserving form but 
not a symmetric Dirichlet form, which causes extra difficulty in characterizing the 
structure of £. 

We hope the Levy-Khintchine type representation and the LeJan type transfor- 
mation rule obtained in this paper can help us better understand semi- Dirichlet 
forms and further their applications. We will apply these results in a forthcoming 
work to consider the strong continuity of generalized Feynman-Kac semigroups 
for Markov processes associated with semi-Dirichlet forms. We refer the interested 
reader to [H HJ El Ell EES! 126] arid the references therein for the topic of perturbation 
of Markov processes and Dirichlet forms. Finally, we would like to point out that 
by quasi-homeomorphisms (cf. [6], [TT1 [22] ) many results obtained in this paper can 
be extended to quasi-regular semi-Dirichlet forms. 

2 Levy-Khintchine type representation of 
Dirichlet generators and semi-Dirichlet forms 
on open sets of W l 

Throughout this section, we let U be an open set of W 1 which is equipped with 
the subspace topology of W 1 and m a positive Radon measure on U such that 
supp[m] = U. We will give a Levy-Khintchine type representation for Dirichlet 
generators and semi-Dirichlet forms on U. All the results of this section, except 
for those given in §2.3, apply to both of the following two cases. 

Case 1: (A,D(A)) is a Dirichlet operator on L 2 (U;m) and is the generator of a 
strongly continuous contraction semigroup on L 2 (U; m). We assume that C^°(U) C 
D(A) H D(A) and define the bilinear form £ as in (jl.2p . 

Case 2: (S,D(S)) is a semi-Dirichlet form on L 2 (U;m) such that C^(U) C D(£) 
and Assumption 11.31 holds. 

Let J be the jumping measure given in Lemma 11.11 We choose a sequence of 
relatively compact open sets Qi t U and a sequence of numbers q | such that 
the set Ti := {(x,y) G fij x Qi : \x — y\ > q} is a continuous set w.r.t. J for every 
/ G N. Hereafter when we say that a set B is a relatively compact set of an open 
set V of M. n , we mean that B C V and B is relatively compact w.r.t. the subspace 
topology of V inherited from M n . Denote := {(x,y) G x Qi : \x — y\ < q}. 
Define £(u, v) := £{v, u) for u, v G C™(U). 

2.1 Decomposition of £ 

Lemma 2.1. Let u,v G Cq°(U) and F be a compact set of U . Then 



S 



(u(y) — u(x)) 2 J (dxdy) < oo. 



'UxF\d 

(ii) 

/ \x — y\ 2 J(dxdy) < oo. 

JFxF\d 

(Hi) For s > 0, 

/ \(u(y) - u(x))v(y)\ J(dxdy) < oo. 

J(UxU)n{\x-y\>e} 

Proof, (i) We choose awe Cq°(U) satisfying w > and = 1. By (jl.3p and 
the sub-Markovian property of (Gp)p>o, we get 

— u(x)) 2 J (dxdy) < I ( u (y) — u(x)) 2 w(y)J(dxdy) 

UxF\d JUxU\d 

lim / (u(y) — u(x)) 2 w(y)J(dxdy) 



l— >oo 



/5 f 

= lim lim — / (u(y) — u(x)) 2 w(y)ap(dxdy) 
- i im o / ~ u(x)) 2 w(y)a p (dxdy) 

= lim -{(f3GpI U} u 2 w) - 2(/3G>, uw) + (f3Gpu 2 , w)} 
< lim l /3(u — /3Gpu, uw) — jr(u 2 — f3Gpu 2 } w ) 

/?— >oo I 2 

= £(u,nw)--£(u 2 ,«)) 



< oo. 



(ii) We choose a u/ e C^°(U) satisfying w'\f = 1. For 1 < z < n, we define 
= Xi-w'(x) f° r x = • • • i^n) ^ ^- Then, itj e C£°(U) satisfying = £i 
for x £ F. By (i), we get 



\2 



(xj - j/i) J (dxdy) 

FxF\d 



/ |a?~ y\ 2 J(dxdy) = S~] \ 

J FxF\d i=1 J F 

n „ 

= /] I (ui(x) - Ui(y)) 2 J(dxdy) 

„■_-, JFxF\d 



< oo. 
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(iii) By (i), we get 



\(u(y) - u(x))v(y)\J(dxdy) 



(UxU)n{\x-y\>e} 



\(u{y) - u{x))v{y)\J {dxdy) 



(£/xsupp[-u])n{|3i— y\>e} 



\{u{y) — u(x))(v(y) — v(x)) + (u(y) — u(x))v (x)\J (dxdy) 

(U xsupp[v])n{\x-y\>s} 

< / \(u(y)-u(x))(v(y)-v(x))\J(dxdy) 

J Uxsupp[v]\d 

+ / \(u(y) — u(x))v(x)\J(dxdy) 

J (supp[t)] xsupp[u])n{|x— y\>e} 

/ r \ V 2 / r \ 1 / 2 

< / (u(y)-u(x)) 2 J(dxdy)) / (v(y) - v(x)) 2 J(dxdy) 

\J Uxsupp[v]\d / \J U xsupp[v]\d 

+2||u|| 00 ||v|| 00 J((supp[i;] x suppfw]) n {\x - y\ > e}) 

< oo. 

□ 



Let 5 > be a constant such that U s ^ 0. Suppose that u,v G C^°(U S ). 
Let x £ C^(U) satisfying x = 1 on a neighbourhood of supp[u] U supp[f]. By 
Taylor's theorem and Lemma 12.1( h). one finds that (u(y) — u(x) — Y^i=x{Vi ~ 
x i)^(y)h\ x ~y\< s }( x ^y)) v (y)x( x ) is integrable w.r.t. both J and J. Hereafter, we 
define 

F 5 v :=\xeU: inf \x - y\ < s\ . (2.1) 
is a compact set of U. By Lemma 12. l( i) and (ii), for 1 < i < n, we have 



I 



< 2 

< oo. 



UxU\d 

du 



du 

{Vi ~ ^)^-(2/) J {|x-j/|<5}(a;, y)v{y){l - xi x )) 



(J(dxdy) + j(dxdy)) 



dyi 



oo \JFSxF*\d 



\x — y\ 2 J(dxdy) 



1/2 



v 1/2 

-x( x )) 2 J(dxdy) 

F<jxF<>\d / 



Hence ^"=i(^ _ x i) a^(2/) J {|z-2,|<5}( x > - is integrable w.r.t. both J 

and J. Therefore, 



(u(y) -u(x))x(x) - Yl^ Vi ~ Xi ^Qy~ (2/) / {^-!/l<5}(^2/) ) u (2/) 
is integrable w.r.t. both J and J. 



10 



We assume temporarily that J({(x,y) G U x U : \x — y\ = 5}) = 0. Then, we 
obtain by the vague convergence of (/3/2)erg to J that 

£(u, v) = lim (3(u — (3Gpu, v) 

f3— i-oo 

lim (3 \ / (u(y) - u(x))v(y)x(x)a p (dxdy) 



(3— >oc 



UxU 



+ / x( x ) u ( x ) v ( x ) m (dx) — / x( x ) u (y) v (y) a i3(dxdy) 
Ju JUxU 

lim (3 / (u{y) - u(x))v(y)x(x)ap(dxdy) +S(x,uv) 



lim lim f3 < / (^(y) — u(x))v(y)tjR(dxdy) 

Z->oo /3->oo 



A, 



+ / | ( u (v) - - ^(yi - Xi)^^)^!^^}^,?/) J v(y)a p (dxdy) 



Jr l V i=l 

+ / y^ivi - x i)-^-(y) I {\^-y\<s}( x ^y) v (y) a p( dxd y) \ + £(x, 
Jrt i=1 oyi I 



uv) 



lim lim (3 { \ (u(y) — u(x))v(y)as(dxdy) 

Z->oo /3->oo 



A, 



+ / ~ x i)^-(y) I {\^y\<s}( x ^y) v (y) cr p( dxd y) 

Jr t i=1 oyi 

f ( n du \ 

+ / 2 i u (y) - u(x))x(x) - y^(yi - Xi) — (y)I{\ x - y \<s}(x,y) )v(y)J(dxdy) 
Juxu\d \ dyi J 

+S( X ,uv). (2.2) 
Similarly, we get 



S(u,v) = lim lim (3 < / (u(y) — u(x))v(y)(ja(dxdy) 

I— voo f3— >oo 



A, 



+£{ X ,uv). (2.3) 

By (12. 2p and (12.31) . we can introduce the following definition. 

Definition 2.2. Let {5 n }^ =1 be a sequence of constants satisfying 5 = lim n ^. 00 5 n , 
8 n > 5 and J({(x,y) £ U x U : \x — y\ = 5 n }) = for each n G N. For 
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u, v G C£°(U 6 ), we define 

£ c,5 (u,v) := lim lim lim (3 < / (u(y) — u(x))v(y)ai3(dxdy) 

n— >oo l-^oo /3— >oo y J ^ 



„ n 

+ / 5> 

■ /r i i.i 



<9w 

}{x,y)v{y)a p {dxdy) ) (2.4) 



and 



£ c,<5 (m, ?;) := lim lim lim /3 < / (u(y) — u(x))v(y)ap(dxdy) 

+ / y^Oi d/) J {|^|<«5„}(a;,y)w(y)o"/3(^l/) > • (2.5) 

Jr, i=l OVi J 

By ( 12.2ft . ( 12. 3D and the fact that J is a positive Radon measure J on C/x £/\<i, one 
finds that the definitions of £ c,s and £ c,<5 are independent of the selections of {fii} 
and {5 n }. Both £ c,s (u, v) and £ c,s (u, v) satisfy the left strong local property in the 
sense that £ c,s (u,v) = £ c,s (u,v) = whenever u is constant on a neighbourhood 
of supp[V]. 

Theorem 2.3. Suppose u,v G C™(U S ). 
(i) We have the decomposition 

£{u,v) = £ c >\u,v) 

f ( n du \ 

+ / 2 u (v) - u ( x ) - y^iVi - x i)T^(y)I{\x-y\<t}( x ' V) v(y)J{dxdy) 

JUxU\d \ i=1 °Vi I 



+ / u(x)v(x)K(dx). (2.6) 



(ii) Let x G Cq°(U) satisfying x = \ on a neighbourhood of supp [it] U suppff]. 
Then, we have 



£(u,v)=£ c ' d (u,v) 

+ j ^2 ^(u(y) -u(x))x(x) - Y^iVi - Xi)T^(y)I{\x- y \<6}(x,y) ) v(y)J(dxdy) 
+£( X ,uv) (2.7) 

and 

£(u,v) = £ c ' s (u,v) 



UxU\d 



2 ( (u{y) - u{x))x{x) - ^(Vi - Xi)-Q-{y)I{\x- y \<8}{x,y) ) v(y)J(dxdy) 



i=i 



+£( X ,uv). (2.8) 
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Proof, (ii) is a direct consequence of (|2.2p - (j2.5p . We only prove (i). By (II .4p . we 
have 



S( X ,uv)= / 2(1 - x(x))u(y)v(y)J(dxdy) + / u{x)v{x)K{dx). (2.9) 

JUxU\d JU 

Here the integrability of (1 — x( x )) u (y) v (y) w.r.t. J is also ensured by Lemma 
O^iii). Then, we obtain (EE} by (E2]) and (EHJ). □ 

By (12. 6p . to understand the structure of S, we may concentrate on the left strong 
local part S c ' 5 . 

Suppose that u, f G C^(U S ). By fl2"^|l . we get 

2£ c ' 5 («,«/) -£ c \u\f) = lim lim /3 / (u(y) - u(x)) 2 f(y)a^dxdy). (2.10) 

Since S is arbitrary, lim^oo lim^oo (3 J A (f(y) — <*p(x)) 2 g(y)a p(dxdy) exists for any 
<p,geC?{U). 

Let <p G Cq°(U). For r G N, we choose a to G C£°(U) satisfying w > and 
u;|n r = 1. For g G Cg°(f2 r ), we obtain by the sub-Markovian property of (Gp)p>o 
that 

lim lim (3 / (<p(y) - (p(x)) 2 g(y)ap(dxdy) 

l^oo/3^oo J Ai 

< Halloo lim /3 / (ip(y) - ip(x)) 2 w{y)ap(dxdy) 



/3— »oo 



UxU 



< II^IU lim {2/% - /3G>, <pw) - /% 2 - (3G^ 2 , w)} 

0—HX) 

= (2£((p,(pw) - £((f 2 , w))\\g\\oo. 
Then, there exists a unique Radon measure /i<^> on Q r such that 

/ gd{x%> = lim lim (3 / (<p(y) - (p(x)) 2 g(y)o-f3(dxdy), Wg G C™(Q r ) 

Ja r «->oo/3->oo j A 



It is easy to see that {/i<^>} is a consistent sequence of Radon measures. Therefore, 



we can well define the measure A f < w > by /•*<«> = 011 which satisfies 



/ gdfx c = lim lim (3 / (</?(?/) - ip{x)) 2 g{y)ap{dxdy), \/g G C °°(i7). 



For <y9, G Co°(C7), we define 

c / c c c ^ 
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Then, for any g £ Cq°(U), we have 



9 d ^<ip,4» = , lim ] im / (^(y) - - <P{x))g{y)a p (dxdy). (2.11) 

Suppose now that u, v, f £ C^(U S ). We obtain by f l2TT0l) and f l2TTTD that 

fd^ v> = £ c ' s (u, vf) + S c ' s (v, uf) - £ c ' s (uv, f). (2.12) 

u 

Hence, for any h £ Cq°(U 5 ) satisfying ^| sup p[ u ]u S u PP M = 1, we have 

£ c ' s {u,v)+£ c ' s {v,u) = [ hdfi c <uv> + £ c ' s (uv,h). (2.13) 

Ju 

For u,v £ Cq°(U 5 ), we define a linear functional L 5 (u,v) on C£°(U 5 ) by 

< L'(ti,«),/ >:= -i e '*(u,vf)), f £ CS°(Z7*). (2.14) 

Then, for any /i £ C£°(U S ) satisfying ^| sup p[„] = 1, we have 

£ c '\u, v) - £ c ' s (u, v) = 2< L s {u, v), h > . (2.15) 

Let x G Co°(^ 5 ) satisfying X = 1 on a neighbourhood of supp[w] U supp[u]. 
Then, we obtain by (EE}, (EH} and (I2TT5]) that 

£ c ' 5 (w^) -£ c ' 5 (v,w) 
= £ c ' 6 (u,v) -£{v,u) + / u(ar)v(a;)if(da;) 

f ( n dv \ 

+ / 2 U(y)-t;(x)-V(yi-Xi) — (y)/{|x-j,|<i}(^, y) ] «(j/)J(drdj/) 

JUxU\d \ i=l °Di J 

= £ c > s {u,v)-£ c ' s (u,v)-£{x,uv)+ [ u{x)v{x)K{dx) 

Xi)T^-(y)I{\x-y\<8}(x,y) J v(y)J(dxdy) 



/ 2 (u(y) - u(x))x(x) - ^(yi 
JUxU\d \ i=1 

/ 2 v(y) - v(x) - 
JUxU\d \ i=1 



+ I 2 [ v(y)-v(x) - ^(yi - Xi)p-(y)I { \ x - y \< S }(x,y) J u{y)J{dxdy) 



2 < L s (u,v),x > -£{uv,x) + / u(x)v{x)K{dx) 



v 



I 2 (u(j/) - n(x))x(x) - V(|/i 

JUxU\d \ i=1 



du 

Zi)-Q-(y)I{\x-v\<S}(x,v) ) v(y)J(dxdy) 
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Ov 

- Xi) — (y)I { \ x ^y\<5}(x,y) ) u(y)J(dxdy) 



Xi)-^j-{y)I{\x~ y \<s}(x,y) ] x{y)J{dxdy) 



+ I 2 f v{y) - v(x) - f^iyi 

JUxU\d \ i=1 

2<L\u,v),x>-^\uv, X ) 
-I 2 (uv)(y) - (uv)(x) - y^(y 

JUxU\d \ i=1 

- I 2 (u(x) - u(y))x(y) - ^(xi (x)I { \ x - y \<s}(x,y) v(x)J{dxdy) 

JUxU\d \ i=1 ° x i J 

+ I 2 [v(y) -v(x) -y2(y i -x i )^-(y)I { \ x - y \<s}(x,y)\u(y)J(dxdy) 

JUxU\d \ i=l °Vi ) 

2<L 5 (u,v), X >-£ c ' 5 (uv jX ) 

+ / 2 V(j/j - Xi) —{y)v(y) - —(x)v(x) I {lx _ yl < s} (x,y)J(dxdy). (2.16) 

JUxU\d i=1 \ a yi 0x i J 



By (12 . 1 3[) and (I2.16p . we obtain the following theorem. 

Theorem 2.4. Suppose u, v £ C^°(U S ) and x £ C^°(U S ) satisfying x — 1 on a 
neighbourhood o/supp[n] U supp[f]. Then 

S c ' 5 {u,v) = - / Xdv< u , v> + < L s {u,v), X > 



2 



u 



[ ihiVi -Xi) ( ^{y)v(y) - ^-( 
Juxu\dj^ V% dxi 



x)v(x) I{\ x - y \<s}(x,y)J(dxdy). (2.17) 



2.2 Transformation rules for the symmetric and co- 
symmetric diffusion parts 

In this subsection, we will derive transformation rules for the sign Radon measure 
.> and the lineal functional L s (-, ■) introduced in §2.1. 

Theorem 2.5. (i) Foru,v,w £ C£°(U), 

d V><uv,w> = ud V<v, W > + vd ^<u, W >- 

(ii) Foru,v,w,f £ C^{U S ), 

< L 5 (u, vw), f >=< L s (u, v),wf > . 

(m) For u, v, w, f £ C™{U 5 ), 

< L 5 (uv, w), f >=< L 5 (u, w),vf > + < L 5 (v, w),uf > . 
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Proof. We assume without loss of generality that u, v,w, f £ C£°(U S ). 

(i) We need only show that dfi c <u2 v> = ^ u d^ c <uv> - We choose Cq 3 (U) 
satisfying x = 1 on a neighbourhood of supp[w] U suppff]. Let g £ C^(U S ). Then, 
by (12. lip and Lemma I2~l7 i). we get 



u 5 Ju 5 



lim lim (3 / (u(y) - u(x)) 2 (v(y) - v(x))g(y)a p (dxdy) 

l-toop-toc J A 



- lim lim f3 / - u(x)) (v(y) - v(x))g(y)x(x)ap(dxdy) 



A, 

lim lim j3 \ u 2 {y)v{y)g{y){\ - x(x))a^(dxdy) 

2->oo/3->oo J Ai 

lim / 2(u(y) - u(x)f{v(y) - v(x))g(y)x(x)J(dxdy) 



0. 



(ii) is obvious by (12.141) . 

(hi) We need only show that < L 5 (u 2 ,v),f >= 2 < L 5 (u,v),uf >. By (TJIJ, 
(1231) and fl2TT4l . we get 



<L 5 (u,v)J> 
lim lim lim - 

n—too I— too /3— >oo 2 



lim lim lim ^-11 {u{y) - u(x))(v(y)f(y) + v{x)f{x))a p (dxdy) 



n 

^2(Vi - Xi)^-{y)I{\ x -y\<s n }{x,y)v{y)f{y)ap{dxdy) 
i i=i ° Vi 



n 

^2(Vi - Xi)-Q-(y)I{\ x - y \<s n }(x, y)v(y)f(y)£p(dxdy) 



I i=l 



We choose ax £ C£°(U) satisfying x = 1 on a neighbourhood of supp[ii] U supp[t>]. 
Then, by Lemma [2. If i). we get 



- lim lim ^ / (u(y) - u(x)) 2 (v(y)f(y) - v(x)f(x))a p (dxdy) 



- lim lim ^ / (u(y) - u(x)) 2 (v(y)f(y) - v(x)f(x))x(x)x(y)vp(dxdy) 



< L 5 (u 2 ,v),f> -2< L 5 (u,v),uf> 
lim lim — 

I— too /3-+oo 2 

lim lim — 

l— too 0— too 2 

lim lim — 

l— too /3— too 2 

lim lim — 

l— too f}— too 2 

1(3 



lim lim ^ / u 2 {y)v(y)f(y)(l - x{x))ap{dxdy) 



+ lim lim ^ / u 2 (x)v{x)f(x){l — x{y))°'fi{dxdy) 



= - lim / (u(y) - u(x)) 2 (v(y)f(y) - v(x)f(x))x(x)x{y)J{dxdy) 
= 0. 

□ 

Let w G C£°(U) and V be a relatively compact open set of U. If w — k (constant) 
on V, then n c <w> = on V. In fact, taking an / G Cq°(V), we obtain by Theorem 
E3T i) that 

,w> ' 

which implies that fdfi c <w> = on V. Since / G Co°(V) is arbitrary, fi c <w> = on 
V. For it, v G C°°(U), we choose a sequence of functions C C^{U) such 

that u — ui and u = on f^. Therefore, we can well define the measure ^ c <uv> by 
^<u,v> = ^°<ui vi> on The definition of fi c <u v> is independent of the selections 
of {Qi} and {u h Vi}. 

For u, v eC°°{U 5 ),we choose a sequence of relatively compact open sets Vi 1 1/" 
and a sequence of functions {ttj,^} C C^°(U 5 ) such that u = Ui and t> = t>j on 
Vf. By ( 12.14p and the left strong local property of £ c ' s and £ c ' s , we can well define 
the linear functional L 5 (u,v) by < L 5 (u,v),f >= lim^oo < L s (ui,vi), f > for 
/ G Cq°(U s ). The definition of L s (u,v) is independent of the selections of {V/} 
and {u h Vi}. 

Theorem 2.6. Let $ G C°°(R m ). 
(%) For ui,..., u m , v, w G C°°(U), 

m 

£ fy t <*(ui,... ) ti m ),t» = • • • ' V "m.)d^ C <UitV> . 

i=l 

(ii) For Wi, . . . , it m , v,w & C°°{U S ) and f G C™(U S ), 

m 

< ($(«!, . . . , u m ), ro)- / >= < L<5 ( n *> W )' • • • , n m )^/ > • 

i=l 

Proof. Since the constant function belongs to C°°(U), to prove the theorem, we 
may assume without loss of generality that $ G C°°(IR m ) with $(0) = and 
u m , v,w, f G C£°(U 5 ). To simplify notation, we denote u = (ui, . . . , u m ). 
Let C be the family of all $ satisfying (i) and (ii). By Theorem 12.5} we know that 
if T G C, then G C. Since C contains the coordinate functions, it contain all 
polynomials vanishing at the origin. 

Let V be a finite cube containing the range of u. Then, there exists a sequence 
|$( fc )} of polynomials vanishing at the origin such that $^ and all of its partial 
derivatives converge uniformly to $ and its corresponding partial derivatives on V 
(cf. II §4]). 
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(i) Let g G C£°{U S ). We choose a <fi e C^°{U) satisfying = 1 on F£ U • • • U 
F^ m U U F s g (see jrijl for the definition of F 5 ). Then, we obtain by (|277)» . (IZTTZj) . 
the assumption that C^°(U) C -D(A) DZ)(A) or Assumption II. 3 [ Taylor's theorem 
and Lemma l27fl (ii). the finiteness of J on (supp[0] x supp[0]) PI {\x — y\ > 5}, and 
the dominated convergence theorem that 



5 , ^/ X <$(u),- ! ;> 

S c ' s (<S>(u),vg) + £ c >\v, $(u)g) - £ c \<$>{u)v, g) 
£{<$>{u), vg) + 8(v, $(u)g) - #) - £"(0, 

(2/)^{|a!-y|<*}(aJ,J/) I (vg)(y)<f>(x)J(dxdy) 



- [ 2 f $(«)(y) - *(u)(x) - f> - Xi)^(y)I { \ x -y\<6 } (x,y)) 

JUxU\d \ i=1 a Vi ) 

- 2 v (y) - v {z) - y^(y 

JUxU\d \ i=1 

+ f 2 ((Hu)v)(y) - (<&(«)«)(*) - f> - ^^^(v)J { |^|^(*,l/) 

JUxU\d \ „•_, 



(5y 

-sO^Cj/^lx-wl^fo?/) 1 (^( u )9)(y) ( t ) (x)J(dxdy) 



'UxU\d y i=l 

■g(y)(j)(x)J(dxdy) 
lim + £(w,$ (i;) (u)<7) - £($ (fc) (uK <?) - £"(0, 

<9$ (fe) (u N 



/ 2 ( $W(«)(y) - $«(u)(x) - J> - 

JUxU\d \ i=1 



- a?i) — — (2/)^{|*-»|<«}(«» 2/) 



■(vg)(y)4>(x)J(dxdy) 
f ( n dv \ 

+ / 2(($ (fc) (n)i7)(y)-(<l> (fe) (n)t0(a;) 



UxU\d 



" <9($( fe )(u)?/) 

^ (y)^{|x- y |<5}(a;,y))5 , (y)0(a;)^(^y)} 



8=1 



lim {^(^(u), ^) + £ c ' 5 (i;, $ (fc) (u)(?) - 5 c ' 5 {& k \u)v, g)} 

k— »oo 



fc— >oo 



lim / pd/x 



<$( fc ) («),«> 



m „ 

V / g$ Xi (uW 



<u it v> ' 



(ii) We choose a <p e C^(U) satisfying = 1 on F^ U • • ■ U F^ m U Ffj U F*. By 
(12771) . (12781) . (EH}, the assumption that C °°(£f) C F>(A)nF>(i) or Assumption Ol 
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Taylor's theorem and Lemma [2.1( ii). the finiteness of J on (supp[0] x supp[0]) D 
{\x — y\ > 5}, and the dominated convergence theorem, we get 

<L 5 (<S>(u),v),f> 
= l ~{E c >\®{u),vf)-£ c ' s {®{u),vf)) 

= I \s($(u), vf) - £(<f>, <S>(u)vf) - i($(u), vf) + £(</>, $(u)vf) 



UxU\d 



$(u)(y) - $(u)(x) - J2(yi - Xi)^^(y)I{\x-v\<s}(x,y) ) (vf)(y)<f)(x)J(dxdy) 



i=i 



UxU\d 



+ I \ Hu)(y) - $(u)(x) - - Xi)^^(y)I{\ x - y \<5}(x, y) ] (vf)(y)(j)(x)J(dxdy) 



■i=i 



lim 

k— >oa I 2 



£(*«(«), vf) - £(<f>, & k \u)vf) - £(& k) (u), vf) + 5(0, & k \u)vf) 



(& k \u)(y) -$ (fc) (u)(x) 

UxU\d 



2^(j/t - a*) — ^ — (2/)^{|x— y |<<5} (s, J/)) («/) 0)00) •/ (dxdy) 



JUxU\d 



5^ (j/i - x ^~q~' W{\*-v\<fi ( x > 2/)) {y)<P{x)J(dxdy) 



i=l 



lim -(^'(^W («),«/) -£ c ' 5 ($ (fc) (u),v/)) 
lim < > 

m 

lim^<L^ il? ;),$W(«)/> 

i=l 
m 1 

°° i=l 

Ui{y) - Ui(x) 



i=l 



UxU\d 

- Yl ( y j ~ Xj ^!hj~- (v)h\*-v\<s) ( x > y) ) ( v ^i ( u ) /) WO) J ( rfxc ^) 



{ui(y) - Ui(x) 



UxU\d 
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n 



3=1 



= Yl {\[ £ ( u i' v ®*i( u )f) -£(<P,u lV ^ Xt (u)f) -£(Ui,V$ Xi (u)f) +S{(j>,UiV® Xi {u)f)] 
- I (ui(y)-Ui(x) 

JUxU\d 



n 

^(yj - x j)^(y)h\x-v\<8}( x iy))( v ®x i ( u )f)(y) ( i ) ( x ) J ( dxd y) 

3=1 ° Vj 



+ / Mv) - Ui(x) 

<UxU\d 



n 



m 1 

Y, -{E^M «*„(«)/) - E^M 



i=l 



3=1 

(E c -Hu 

2 

= < L s Mv),$ Xi (u)f > . 

t=l 

Therefore, the proof is complete by noting Theorem 12.5( h). □ 
2.3 Proofs of Theorems Q and ITU 

Proofs of Theorems and \l-4\ We first characterize the first two terms of 
f l2T7D . Suppose that u,v e C^(U S ) and x e C^(U 6 ) satisfying x = 1 on a 
neighbourhood of supp[u] U supp[i>]. Denote by Xj, 1 < i < n, the coordinate 
functions of M. n . For 1 < i,j < n, we define z/y := fJ>% Xi)Xj> , which is a Radon 
measure on U. Then, by Theorem I2.6( i). we get 



(* (* d%L Q'X) 



For 1 < % < n, we define the linear functional fyf on C^°(U S ) by 

<^,/>=<L 5 (x 4 ,l),/>, feC™(U s ). (2.19) 
Then, by Theorem 12.6( h) and f l2.19p . we get 

n ; p. \ 

<L S (u,v), X >=Y t {^l^)- (2-20) 

We now show that each tyf is a generalized function on U 5 . Let O be an arbitrary 
relatively compact open set of U 5 . Suppose that {/„} is a sequence of functions 
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in Cg°(0) such that /„ and all of its partial derivatives converge uniformly to 
some / G Cq°(0) and its corresponding partial derivatives as n — > oo. We fix a 
£i G C^{U S ) satisfying = x ; on O and choose a ijj G C£°(U) satisfying = 1 
on F| U {x G C/ : inf v60 |x - y| < 5}. For 3 G C °°(O), by (12TL (T2T8]) . (l2~T4j) and 
(EH]) 1 , we get 

<v s i,g> 

= <L 5 (x l ,l),g> 

= <?) - &/) - <?) + £{*!>, &)) 

(&(y) ~ - (yi - Xi)I { \ x - y \<8}(x,y)) g(y)i/j(x)J(dxdy) 

UxU\d 



+ (£i(y) - &0) - (Vi - Xi)I { \ x - y \<s}(x,y)) g(y)tp(x)J(dxdy). (2.21) 

JUxU\d 

Then, we obtain by (12T2H . the assumption that C^{U) C n D(i) or 

Assumption 11.31 Taylor's theorem and Lemma 12.1( h). the finiteness of J on 
(supp [■?/>] x supp[V>]) H {\x — y\ > 5}, and the dominated convergence theorem 
that < / >= lim^oo < ^f,f n >■ Therefore, the proof of Theorem 11.41 is 
complete by (El), fl2T7D . ( 12181) and (EZDJ. 

To complete the proof of Theorem 11.21 we need only show that there exist signed 
Radon measures {uf }" =1 on U s such that for each 1 < i < n, 

<*i,g>= [ g{x)vt{dx), VgeC™(U s ). 

In fact, let O be an arbitrary relatively compact open set of U 5 . Then, by (J22D, 
the assumption that Cq°(U) C D(A) fl D(A) and Lemma 12.11 (ii) and (hi), one 
finds that there exists a unique signed Radon measure vf on O such that 

<*i,g>= [ g{x)v°{dx), \/geC™(0). 
Jo 

Therefore, we can well define uf = vf for each O. The proof is complete. □ 

From now on till the end of this section, we suppose that (S,D(S)) is a semi- 
Dirichlet form on L 2 (U;m) satisfying C^°(U) C D(£). 

Remark 2.7. Assumption 1 1 . 31 is implied by the following assumption. 

Assumption 2.8. There exist a sequence of Dirichlet forms (Q l ,D(Q 1 )) on 
L 2 (Qf,m) and a sequence of positive constants C\ such that Cq°(Qi) C D(Qi) 
and 

£i(g,g)<C l Q[{g,g), V g eC?(ni). 
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In fact, suppose Assumption \2.S\ holds and O is a relatively compact open set 
of II s . Then, there exist an open set Oq of U s satisfying O C Oq and a regular 
symmetric Dirichlet form (Q,D(Q)) on L 2 (Oo;m) such that C^°(Oq) C D(Q) and 

£i(g,g)<CQ 1 (g,g), VgeC™(O ), (2.22) 

for some positive constant C. We consider the classical Beurling-Deny formula for 
(Q,D(Q)) (cf. J22 Theorem 3.2.3]): 



(u(x) - u{y))(v{x) - v{y))J Q (dxdy) + / u(x)v{x)K Q (dx), (2.23) 

O xO \d JOo 

where u,v G C£°(0o) and we use the superscript "Q" to emphasize that the cor- 
responding Radon measures are for (Q, D(Q)) . Note that for any compact set K 
and open set O x with K C O x C Oq (cf. F7|| (1.24)]), 



L 



\x - y\ 2 J Q (dxdy) < oo, J Q (K, O - d) < oo. (2.24) 



KxK\d 

Suppose {/n}^=i C C^°(0) and f G Cg°(0) satisfying f n and all of its partial 
derivatives converge uniformly to f and its corresponding partial derivatives as 
n — > oo. By Ii2.23\) . \2. 24\ ) and the dominated convergence theorem, we find that 

~ 1 /2 

f n converges to f w.r.t. the Q{ -norm as n — > oo. Therefore, we obtain by Ii2.22\) 
that lim^oo S^fn - f, f n - f) = 0. 



Corollary 2.9. Assume the setting of Theorem \1.4\ but with Assumption \1.3\ re- 



placed by Assumption \2.8\ Then, we have the decomposition given in Theorem\1.4 



Moreover, for any relatively compact open set O of II s , there exist signed Radon 

13 J*,j= 



measures {/if}™ =1 and {fifA™ 7=1 on O such that for 1 < i < n, 



< 



V\,g>= [ g(x)tf(dx) + £ I rWW' V^GC -(O). 

JO =1 JO OX 3 



Proof. Let O be a relatively compact open set of U 5 . By Assumption 12. 8[ there 
exist an open set Oq of U & satisfying O C Oq and a regular symmetric Dirichlet 
form (Q,D(Q)) on L 2 (O ;m) such that C °°(O ) C D(Q) and $£22$ holds. 

By (12.211) . (12.221) . the sector condition and Lemma 12.11 (ii) and (hi), to prove 
the corollary, we need only show that for any u G D(Q) there exist signed Radon 
measures /x" and {/i"}™ =1 on O such that 



Q(u,v)= [ v{x)^{dx) + J2 f I 1 

JO j=1 JO OX 3 



x)n u Adx), VveC™(0). 
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By [121 Theorems 3.2.2 and 5.3.1], we get 



1 f dv 

z j=1 Joo ox i 

+ / (u(x) — u(y))(v(x) — v(y))J Q (dxdy) + / u(x)v(x)K Q (dx) 

JOnXOtAd J On 



'O xO \d JO 

where £j G C^(U S ) satisfying £j = Xj on O for 1 < j < n as in (I2.2ip . p c denotes 
the local part of the energy measure of (Q, D(Q)), u denotes a quasi-continuous 
version of u. Therefore, the proof is complete by the mean value theorem, (12.241) 
and the Riesz representation theorem. □ 



3 LeJan type transformation rule for the diffu- 
sion part of regular semi-Dirichlet forms 

In this section, we will apply some ideas of Section 2 to investigate the structure 
of general regular semi-Dirichlet forms. Throughout this section, we let E be a 
locally compact separable metric space, m a positive Radon measure on E with 
supp[m] = E, and (£,£)(£)) a regular semi-Dirichlet form on L 2 (E;m). 

Following Section 1, we use J and K to denote respectively the jumping and 
killing measures of (£, D{£)). By [TTl Corollary 2.2], there exists a unique positive 
Radon measure og on E x E satisfying 

{(3GpU,v)= I u{x)v{y)a p{dxdy) for u, v £ L 2 (E; m). 

JExE 

Hereafter (-,-) denotes the inner product of L 2 (E;m) and (G j a) / g > o denotes the 
resolvent of (£,D(£)). We have (/3/2)erg — > J vaguely on E x E\d as (3 — > oo 
(cf. the proof of [T7J Theorem 2.6]). Define J(dxdy) := J(dydx), frp(dxdy) := 
ap^dydx), and denote by (Gg)£>o the co-resolvent of (£,D(S)). Then, we have 

{f3GpU,v) = I u{x)v{y)a p{dxdy) for u,v G L 2 (E;m) 

JExE 

and (f3/2)frp —> J vaguely on E x E\d as (3 — > oo. 

Let p be the metric on E. We choose a sequence of relatively compact open 
sets fli t E and a sequence of numbers q j. such that the set T[ = {(x,y) G 
Q[ x Q t : p(x,y) > q} is a continuous set w.r.t. J for every / G N. Denote 
A/ = {(x, y) e fi| x Qj : y) < q}. 

We make the following assumption. 

Assumption 3.1. For f,g G C (-E) n -D(^), we /iawe /o G C (-E) n D{£) and 
(fin) — f( x ))9(y) is integrable w.r.t. J. 
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Suppose u,v e C Q {E) n D{£). Let x e C (£) n D{£) satisfying \ = 1 on a 
neighbourhood of supp[w] U supp[w]. Then, by Assumption 13. 1\ we get 

£(u, v) = lim /3(u — f3Gpu, v) 

(S— too 

lim (3 \ / - u(x))v(y)x(x)a p(dxdy) 



/3->oo 



+ / x( x ) u ( x ) v ( x ) m (dx) — / x( x ) u (y) v (y)6 'p(dxdy) 



ExE 



lim £ / (ufe/) - u(x))v(y)x{x)ap(dxdy) +S(x,uv) 



ExE 



lim lim f3 I (u(y) — u(x))v(y)ap(dxdy) 

l— >oo /3— >oo j A; 



+ / 2(«(j/) - u(x))v(y)x(x)J(dxdy) + £(x,uv). (3.1) 

JExE\d 

Hence we can well define 

£ c (u,v) := lim lim /3 / (u(y) — u(x))v(y)ap(dxdy). (3.2) 

£ c (u, u) satisfies the left strong local property in the sense that £ c (u, v) — when- 
ever u is constant on a neighbourhood of supp[u]. By (13.11) and (13 ,2p . we obtain 
the decomposition 



£(u,v) = S c (u,v) + 2(u(y)-u(x))v(y)x(x)J(dxdy) + £(x,uv). (3.3) 

J ExE\d 

Similar to (13. ip . we can show that 

£(u,v) = lim lim /3 / (u(y) — u(x))v(y)a^(dxdy) 

l—>oc P~ >oo J A 



+ / 2(u(y)-u(x))v(y)x( x )J(dxdy) + £(x,uv). (3.4) 

JExE\d 

By (TOD and (J33D, we get 

£ c (u,v) = lim lim /3 / (u(y) — u(x))v(y)ap(dxdy) 
i-^oo/3->-oo y Aj 

+ / 2(u(y) -u(x))v(y)x(x)J(dxdy) 

JExE\d 

2(x(y) - x( x ))(uv)(y)J(dxdy) + / n(x)w(x)iT((ix) 

ExE\d JE 

2{u{y) — u{x))v(y)J(dxdy) — / w(x)u(x)iT(dx) 

ExE\d JE 



lim lim /3 / {u{y) — u{x))v{y)ap{dxdy). (3.5) 

Z->oo/3^oo y A; 
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For r G N, we choose awe Cq(E) R -D(£) satisfying w; > and w\n r = 1. For 
/ G Co(f2 r ) DD(5), we obtain by (13. 5p and the sub-Markovian property of (Gp)^ 
that 



\2£ c (u,uf)-£ c (u 2 ,f)\ 
lim lim (3 \ (u(y) - u(x)) 2 f(y)ap(dxdy) 

l— s-oo >oo J ^ 



< 
< 



oo lim ^ / (u(y) w(y)ap(dxdy) 

oo lim {2/3(11 — /3Gpu, uw) — (3{u 2 — /3Gpu 2 , w)} 

/3->oo 



= (2£(u,uw)-£(u 2 ,w))\\f\\ 00 . 
Then, there exists a unique Radon measure ^ r f u> on Q r such that 

/ fdfir u > = 2£ c (u,uf)-£ c (u 2 J), V/6C„(fi r )n^). 

It is easy to see that {/i<«>} is a consistent sequence of Radon measures. Therefore, 
we can well define the measure ^ c <u> by /i< u> = /i<u> on Q r , which satisfies 

/ fd^ <u> = 2£ c (u,uf)-£ c (u 2 J), VfeC (E)nD(£). 



We define 



C / C C C "i 

^<u,v> -~ 2^< u + v > ~ / i <«> ~~ ^<V>J 



Then 



/d/i" > = £>, u/) + £>, uf) - £ c (uv, f), fe C (E) n D{£). 



Hence, for any h G Cq(E) fl -D(£) satisfying ^|suppHusu PP [i>] = 1, we have 



£ c (u,v) + £ c (v,u) = / hdfi c <uv> + £ c (uv,h). 



(3.6) 



We define a linear functional L(u, v) on Cq(E) fl -D(£) by 



< L{u, v), f >:= -(£>, vf) - £ c (u, «/)), / G C (£) H £>(£)■ 
Then, for any /i G Cq(E) fl -D(£) satisfying /i| supp [ u ] = 1, we have 



£ c (u, u) - £ c (w, u) = 2 < L(u, v),h> . 



(3.7) 
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By flUED, dS3D and (E2D, we get 

£ c (u, v) — £ c (v, u) 



£ c (u, v) — £{v , u) + / u(x)v(x)K(dx) + / 2(v(y) — v(x))u(y)J(dxdy) 

JE JExE\d 

£ c (u,v) — £ c (u,v) — £(xi uv ) + / 



2(u(y) - u(x))v(y)x(x)J(dxdy) + / 2(v(y) - v(x))u(y)J(dxdy) 

ExE\d J ExE\d 

2 < L(it, u), % > — £ (uv, x) + / u(x)v(x)K(dx) 



2(u(y) -u(x))v(y)x(x)J(dxdy) + / 2{v(y) - v{x))u{y)J(dxdy) 

' ExE\d J ExE\d 

2 < L(u,v),x> -£ c {uv,x) 

2((uv)(y) - (uv)(x))x(y)J(dxdy) 

ExE\d 



2(u(x) - u(y))v(x)x(y)J(dxdy) + / 2(u(y) - v(x))u(y)J(dxdy) 

' ExE\d JExE\d 

= 2<L(u,v), X >-£ c (uv,x). (3.8) 

By (13. 6 p and (13. 8ft . we obtain the following expression of the diffusion part £ c . 

Theorem 3.2. Suppose Assumption lff.il holds. Let u, v G Cq(E) H D(£) and 
X G Cq(E) fl -D(£) satisfying x = 1 on a neighbourhood o/supp[u] U supp[i/]. TTien 



£ c (u,u) 



+ < L(u,v),x > ■ 



Similar to Theorem 12.51 we can derive the following transformation rules for 
.> and L(-, •). 

Theorem 3.3. Let u,v,w, f E C (E) n D(£). Then 

(i) dfi <uv w> = udfi <v w> + vdfi <u w> . 

(ii) < L(u, vw), f >=< L(u, v), wf >. 

(Hi) < L(uv, w), f >=< L(u, w),vf > + < L(v, w),uf >. 

We use Tioc to denote the set of all functions u such that for any relatively 
compact open set V there exists a w G Cq(E) C\D(£) such that u = w on V. Then, 
by an argument similar to that given after the proof of Theorem 12.51 we can extend 
H° <uv> and L(u,v) to u, v G T\ oc . The transformation rules given in Theorem 13.31 
still' hold with C (E) n D{£) replaced by T loc . 

Now we make the following assumption. 
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Assumption 3.4. There exist a sequence of Dirichlet forms (Q l ,D(Q 1 )) on 
L 2 (Qi;m) and a sequence of positive constants Ci such that Cq(Qi) R D(S) = 
C Q (ni) C\ D(Qt) and 

£1(9,9) < CtQi&g), Wg e <7 (fi,) n D{£). 

Theorem 3.5. Suppose Assumption \3.4\ holds and J is a finite measure on E x 
E\d. Let$eC 2 (W n ),u 1 ,...,u m ,v,weJ r loc and f G C (E) n D(£). Then 

(ii) < L(®(u 1 ,...,u m ),vw),f >= YX=\ < £(«i»v),$xi(ttl, • • • ,u m )wf >. 

The proof of Theorem 13.51 is similar and simpler than that of Theorem 12.61 
We omit the details here. We only point out that [121 (3.2.27)] and Assumption 
13.41 ensure the convergence of ^ k \u) (resp. — 3>i^(0)) to (resp. 

& Xi ( u ) ~~ ^ii(O)) w.r.t. the Q^ 2 -norm and hence the -norm, and the finiteness 
of J ensures that the dominated convergence theorem can be applied directly. 
Theorems 11.41 and 13.51 will be applied in a forthcoming work to obtain the strong 
continuity of generalized Feynman-Kac semigroups for Markov processes associated 
with semi-Dirichlet forms. 
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